This paper describes an algorithm to find the longest interval in a sequence of real numbers ("scores") in which the sum of the scores is above a fixed cutoff parameter. The algorithm also solves the problem of finding the longest interval in which the average of the scores is above a fixed threshold. The problem originates from molecular sequence analysis: for instance, the algorithm can be employed to identify GC-rich regions in DNA sequences.
Introduction
Let a 1 , . . . , a n be an arbitrary sequence of real numbers with n > 0. The segment (i, j) for 1 ≤ i ≤ j ≤ n is the interval {i, i + 1, . . . , j}; its score is a(i, j) = j k=i a k . This paper's central problem is the following. We are given a score threshold α. We want to find a segment (i, j) that has maximum length (j − i + 1) among those with a(i, j) ≥ α.
Similar segmentation questions are encountered in statistical change-point estimation [5, 7] , with applications in various areas including molecular biology [1, 3, 9] . A number of related segmentation problems can be solved with efficient algorithms. Jon Bentley's classic "programming pearl" finds a segment with maximum score in O(n) time [2] . Csűrös [4] solves the more general problem of finding a k-set of segments with maximum total score in O(n min{k, log n}) time and O(n + k) space. Huang [8] reports an O(n)-time algorithm that finds a segment that has maximum score among those with length at least L. An algorithm of Lin et al. [10] finds such a segment in O(n) time, when in addition to a lower bound L on the segment length, an upper bound U is also imposed. Our problem is thus the dual of Huang's.
In some applications, it may be interesting to evaluate a segment (i, j) by its average score a(i, j)/(j − i + 1). Lin et al. [10] devised an algorithm that finds the segment with maximum average score among those with length at least L, in O(n log L) time. Goldwasser et al. [6] give a faster algorithm that solves the same problem and runs in O(n) time. The techniques of this paper lead to an O(n)-time algorithm for the dual problem; namely, that of finding the longest segment with average score above a lower bound α. This latter result is particularly relevant in molecular sequence segmentation. For instance, our algorithm can be employed to identify the longest contiguous region in a DNA sequence with a GC-content above (or below) a cutoff level. The search for GC-rich and GC-poor regions in DNA is one of the main practical motivations behind the algorithms of [4, 6, 8, 10] .
Algorithm
This section describes a linear-time algorithm that finds the longest segment that scores above a fixed parameter α. Define the prefix score f j = a(1, j) for all j = 1, . . . , n, and let f 0 = 0. Obviously, a(i, j) = f j − f i−1 , and thus we are looking for the longest segment (i, j) with
Proof. We prove Eq. (1a) first. For the sake of contradiction, assume that there exists such an i < i
By definition, the left sequence of local minima is sorted in decreasing order of prefix scores:
Similarly, the right sequence of local maxima is sorted in increasing order of prefix scores:
By Lemma 1, we can restrict our attention to segments (i, j) where i ∈ {l 1 . . . , l k } and j ∈ {r 1 , . . . , r m }. The fact that the local minima are ordered as shown in Eqs. (2) and (3) implies the following lemmas. Lemma 2. Let i ∈ {0, . . . , n} be an arbitrary position. If
Lemma 3. Let j ∈ {0, . . . , n} be an arbitrary position. If
In view of these lemmas, we can define the following values. 
In other words, right(i) gives the right endpoint j = r right(i) for the longest segment (l i + 1, j) that scores above the threshold, unless j = m + 1 or j ≤ l i , in which case there is no suitable segment with left endpoint at l i + 1. Similarly, left(j) gives the left endpoint i = l left(j) for the longest segment (i + 1, r j ) that scores above the threshold, unless i = k + 1 or i ≥ r j , in which case there is no suitable segment with right endpoint r j . Lemmas 2 and 3 imply the following property.
By Lemma 4, the left and right pairs can be computed in O(k + m) time, as illustrated by the following simple algorithms.
The following algorithm solves the original problem. 
A15 return seg
Related problems
The same technique applies also to the problem of finding a segment with maximum score with a lower bound on the segment length. (Albeit the algorithm of Huang [8] is arguably simpler.) The idea is to define the left and right pairs by thresholding on the segment length and then select the one segment with the highest score. The described algorithm can also be used to find the longest segment with an average score above a given threshold β. Since a i +a i+1 +...+a j j−i+1
≥ β if and only if j k=i (a k − β) ≥ 0, the longest such segment can be found by using Algorithm LongestSegment with scores (a i − β) and threshold α = 0.
